We show that every C 3 volume preserving codimension one Anosov flow on a closed Riemannian manifold of dimension greater than three admits a global cross section and is therefore topologically conjugate to a suspension of a linear toral automorphism. This proves a conjecture of Verjovsky in the volume preserving case.
Introduction
The following conjecture has been a longstanding open problem in the theory of hyperbolic dynamical systems:
Conjecture. Every codimension one Anosov flow on a closed Riemannian manifold of dimension greater than three admits a global cross section.
Verjovsky stated the conjecture in [31] with an additional assumption that the fundamental group of the manifold is solvable. This was proved by Plante [22, 23] and Armendariz [3] , who showed that the conjecture is true if and only if the fundamental group of the manifold is solvable. In the above form, the conjecture first appeared in Ghys [9] . However, Ghys has pointed out that Verjovsky had originally proposed it in the 1970's. In [9] , Ghys showed that the conjecture is true if the sum E su of the strong bundles of the flow is of class C 1 or if the codimension one center stable bundle E cs is C 2 and the flow preserves volume. The former result was generalized in [27] to Lipschitz E su . The latter one was extended in [28] to the case when E su is Lip− or when E cs is C 1+Lip− , where Lip-means C θ for all θ ∈ (0, 1). Guelman [10] showed that the conjecture is true in dimension four if the time one map of the flow can be C 1 approximated by an Axiom A diffeomorphism. Her method works also in dimension three.
In this paper, we prove Verjovsky's conjecture for volume preserving flows.
Main Theorem. Verjovsky's conjecture is true for C 3 volume preserving flows. More precisely, the synchronization of a C 3 volume preserving codimension one Anosov flow on a closed Riemannian manifold of dimension greater than three admits a global cross section with constant first-return time.
The induced Poincaré map on a global cross section is automatically a codimension one Anosov diffeomorphism, f . Franks [7] proved that if the non-wandering set of f is the whole manifold, then f is topologically conjugate to a linear toral automorphism. By a result of Newhouse [18] , this is indeed the case for every codimension one Anosov diffeomorphism. Therefore, we obtain the following classification.
Classification Theorem. Every C 3 volume preserving codimension one Anosov flow on a closed manifold of dimension greater than three is topologically conjugate to a suspension of a linear toral automorphism. Date : February 27, 2008. Recall that two flows are topologically conjugate if there exists a homeomorphism which takes orbits of one flow to orbits of the other, preserving the orientation but not necessarily preserving the time parameter.
Outline of the proof. The first step is to synchronize the flow (see 2-B). By Plante [21] , it is sufficient to show that the strong foliations W ss and W uu of the synchronized flow are jointly integrable (2-A) . Also by Plante, this would follow from integrability of the sum of the strong bundles E su = E ss ⊕ E uu . Let α be a 1-form defined by To accomplish this, we need a suitable estimate of ∂D α that incorporates the product of the circumference |∂D| of D and its area |D|. For general continuous forms, these types of estimates are hard to come by (cf., for instance, [11] ). This is done in Proposition 4.1, which uses the fact that α is C 1 on W cs -leaves. Next, we pull things back by the flow using f * t α = α and apply our estimate to the integral of α over ∂f −t D. For this, we need to decompose D into smaller disks; see Fig. 3 . We essentially show that ∂f −t D α is bounded above by |∂f −t D| 1−τ |f −t D| τ , for some τ ∈ ( 1 2 , 1) depending on θ. See (4.7). Finally, to complete the proof, we carefully examine the Lyapunov exponents of the synchronized flow and use dim M ≥ 4 to show |∂f −t D| 1−τ |f −t D| τ → 0, as t → ∞.
The paper is organized as follows. In §2, we review the necessary basics of Anosov flows, existence of cross sections, and synchronization. In §3, we prove a series of preparatory results on Lyapunov exponents (3-A), holonomy of foliations (3-B), metric properties of su-disks (3-C), and regularization (3-D) . The proof of the main theorem is given in §4.
and they depend Hölder continuously on the base point. Furthermore, they are absolutely continuous (see 3-B) .
If dim E uu = 1, we call the Anosov flow of codimension one [17] . (The assumption dim E ss = 1 works just as well, since we can reverse the direction of the flow.) In this case, E cs is of class C 1+θ , for some θ ∈ (0, 1). Furthermore, if the flow is of codimension one and preserves a volume form, then E uu is also of class C 1+θ . See [13, 14] for details.
A classical result of Anosov [1] states that Anosov flows are structurally stable and, if they preserve a volume form, ergodic. Verjovsky [30, 31] showed that if dim M > 3, then codimension one Anosov flows are topologically transitive and the universal covering space of M is R n .
2-A. Cross sections and suspensions.
A smooth compact codimension one submanifold Σ of M is called a (global) cross section for a flow if it intersects every orbit transversely. If this is the case, then every point p ∈ Σ returns to Σ, defining the Poincaré or first-return map g : Σ → Σ. The flow can then be reconstructed by suspending g under the roof function equal to the first-return time [8, 16, 26] .
Existence of global cross sections to Anosov flows was studied by Plante in his Ph.D. thesis. He showed:
Plante's Theorem ( [21] ). Let {f t } be an Anosov flow. A distribution E is called (uniquely) integrable if it is tangent to a foliation and every differentiable curve everywhere tangent to E is wholly contained in a leaf of the foliation. Foliations W ss and W uu are jointly integrable if in every foliation chart for W ss and W uu , the W uu -holonomy (see 3-B) takes W ss -plaques to W ss -plaques. The opposite situation is that of su-accessibility, where any two points of M can be connected by a continuous path consisting of finitely many smooth arc alternately in W ss and W uu [24] .
Plante's theorem will be the basis for our approach to proving the existence of a global cross section.
2-B.
Synchronization. Certain Anosov flows can be smoothly reparametrized to obtain another Anosov flow with det T x f t ↾ E uu ≡ e ct , where c is a constant. This technique is called synchronization and was first described and used by Parry in [20] to obtain a system for which the SRB measure coincides with the measure of maximal entropy. A similar result, with mildly different assumptions, was proved in [28] . The construction goes as follows.
Let {f t } be a transitive C r , r ≥ 2, flow on M such that E cs and E uu are of class C 1+θ . Without loss of generality, we may assume that E uu is orientable. If not, pass to a double cover of M . Let Y be a C 1+θ unit vector field generating E uu ; its flow is denoted by {φ t } throughout the paper. Let λ(x, t) = det T x f t ↾ E uu and define
It was shown in [28] that ψ is of class C 1 and that there exists a Riemann structure R * on M with respect to which ψ > 0. Reparametrize X bỹ
It is a well known theorem of Anosov and Sinai [2] thatX generates an Anosov flow {f t }.
whereẼ uu denotes the strong unstable bundle of the new flow. The reparametrized flow {f t } is called the synchronization of {f t }. Reparametrization alters the strong bundles but does not change the center bundles, i.e., W cs = W cs andW cu = W cu . The new strong unstable bundleẼ uu can be expressed as [20] 
There is an analogous characterization of the strong stable bundleẼ ss . Let us investigate the regularity ofẼ uu when the original Anosov flow is of class C r , r ≥ 2, volume preserving, and of codimension one. The synchronized flow is only C 1+Hölder , so we cannot use the C 1 Section Theorem [15] to show thatẼ uu is C 1 .
However, we know that W uu is of class C 1 and has leaves as smooth as the system, i.e., C r . The adapted Riemann structure R * is required to satisfy [28]: (i) E uu is orthogonal to E cs relative to R * ; (ii) R * coincides with the original Riemann structure on E cs . Thus we can assume that along the W uu -leaves, R * is as smooth as the flow, i.e., C r . Recall that λ(x, t) is the Jacobian determinant of the C r map f t between C r leaves of the
Of course, if {f t } preserves a volume form Ω, then {f t } preservesΩ = ψΩ. Sincef t is C 1+Hölder , the Hölder section theorem applies and guarantees that its strong stable foliation is Hölder. Absolute continuity follows by standard techniques.
Properties of Synchronization. The synchronization of a C 3 volume preserving codimension one Anosov flow on a closed manifold of dimension greater than three is volume preserving, its center stable and strong unstable bundles are of class C 1+θ , for some θ ∈ (0, 1), and its strong stable foliation is Hölder and absolutely continuous. Now let us drop the tildes and assume {f t } is synchronized. Then it is easy to see that for all s, t ∈ R,
If ω is a 1-form defined by Ker(ω) = E cs and ω(Y ) = 1, then ω is
Preliminary Results
This section contains preparatory results on Lyapunov exponents, holonomy, su-disks and regularization. Throughout the relevant parts of the section we make the following Standing Assumptions. {f t } is a C 1+Hölder volume preserving synchronized codimension one Anosov flow on a closed Riemannian manifold M of dimension n ≥ 4. The Riemann structure on M makes the splitting T M = E uu ⊕ E cs orthogonal and defines an f t -invariant volume form. All smoothly immersed submanifolds of M are endowed with the induced Riemann structure. The bundles E uu , E cs are C 1+θ and orientable, and
To 
and numbers χ 1 < · · · < χ ℓ such that:
For a Lyapunov regular point x and v ∈ T x M , χ(v) will always denote the Lyapunov exponent of v relative to f −t (t > 0). Observe that χ 1 = χ(Y ) = −1, χ 2 = χ(X) = 0, and χ i > 0, for all 3 ≤ i ≤ ℓ. Therefore,
Proof. This is a slight modification of the proof of Lemma 3.1 in [28] . See also Ghys [9] . Fix t > 0 and let
Choose unit vectors e 4 , . . . , e n−1 ∈ E ss , e n ∈ E c orthogonal to e 1 , e 2 , e 3 , such that e 1 , . . . , e n is a basis for T y M , where y = f −t (x). Since the flow preserves volume, we have
Therefore,
On the other hand,
, and T f −t (Y ), and it equals 
Taking v and w with χ(v) = χ(w) = χ ℓ , we obtain 2χ ℓ < 0 if n > 4 and 2χ ℓ = 1 if n = 4.
Remark. Note that it is possible to find two linearly independent vectors v, w with
3-B. Holonomy. Let F and G be two transverse C 1 foliations on a smooth Riemannian manifold M . Assume that on some open subset U of M (see Fig. 1 
be the associated F -holonomy, i.e., the map defined by sliding points along the plaques of F :
Recall that for a linear isomorphism T : V → W between inner product spaces, the determinant of T is the volume of the parallelepiped spanned by T (e 1 ), . . . , T (e k ), where {e 1 , . . . , e k } is an orthonormal basis for V .
If h G : F U (p) → F U (q) is the analogously defined G -holonomy, then
This is a well-known result so we omit the proof. (See, for instance, Exercise 2.3.16 on p. 66 in [5] as well as [1] .) The C 1 hypothesis is not necessary. If a homeomorphism h between measure spaces is absolutely continuous, i.e., it maps sets of measure zero to sets of measure zero, then its Jacobian is defined by the Radon-Nikodym theorem, even if h is not differentiable. A foliation is called absolutely continuous if its holonomy maps have this property. A major result of Anosov [1] says that all invariant foliations associated with an Anosov system are in fact absolutely continuous. In [1] , Anosov proved (3.4) for smooth foliations (see formula (17.20) ) and an analogous result for absolutely continuous ones (see text subsequent to (17.20) ).
In our case, we will use (3.4) with F = W cs and G = W uu , which are both of class C 1+θ , hence absolutely continuous. Furthermore, in the notation of 2-B, recall that for a synchronized flow, dω = α ∧ ω [28], so log Jac q (h cs γ ) =
Since α is closed on W cs -leaves, the right hand side of (3.5) actually depends only on the endpoints p, x of γ. We consequently write h cs p,x for h cs γ and similarly h uu p,q for h uu .
Remark. If the unstable manifolds W uu are parametrized by the flow {φ t } of Y ∈ E uu , then the W cs -holonomy h cs p,x : W uu loc (p) → W uu loc (x) can be regarded as a map between intervals of real numbers. We later make a slight abuse of notation and identify these two versions of h cs p,x . For any x ∈ M , s ∈ R, and v ∈ E ss (x), let
where Z s (v) ∈ E ss (φ s x). We will need the following auxiliary result.
Lemma.
(a) For all x ∈ M and s ∈ R, Z s :
That is,
Proof. Part (a) is easy to check. To prove (b), recall that
Similarly, where the W cs -holonomy h cs p,x : W uu loc (p) → W uu loc (x) is regarded as a real-valued function. Since h uu p,q takes W cs loc (p) into W cs loc (q), differentiating with respect to x in the direction of v ∈ E ss (x), 
so the area of f −t D can be estimated as follows: Jac φrp (h cs p,γ(s) ) T f −t (Y ∧ Z(r, s)) dr ds
where Z(r, s) = Z h cs p,γ(s) (φr p) (γ(s)) and Then, by (♭),
Assume first n > 4. Then by Corollary 3.2, χ(ċ(s)), χ(Z(r, s)) < 1/2, so by the Lebesgue Convergence Theorem, (♯) tends to zero, as t → ∞.
If n = 4, then χ(ċ(s)) or χ(Z(r, s)) could equal 1 2 . Suppose that χ(v) = 1/2, for v =ċ(s). Then e −t/2 T f −t (v) can grow at most subexponentially fast, as t → ∞. Similarly for v = Z(r, s). Therefore, (♯) implies that |∂f −t D||f −t D| at worst grows subexponentially fast.
Remark. Observe that synchronization was used here via
3-D. Regularization. We now review a well-known method of approximating locally integrable functions by smooth ones. Suppose f : R n → R is locally integrable and define its regularization (or mollification) by the convolution f ε = η ε * f , where η ε (x) = ε −n η x ε , ε > 0, and η : R n → R is the standard mollifier [6, 29] η(x) = A exp
where A is chosen so that η dx = 1. Note that the support of η ε is contained in the ball of radius ε centered at 0 and η ε dx = 1.
3.7.
Proposition. Let f : R n → R be a locally integrable function. Then:
If f is C 1 along the leaves of a C 1 foliation, then this estimate holds along each leaf.
Proof. Proof of (a) and (b) can be found in [6] . Although (c)-(e) are probably well known facts, I have not been able to find them in the literature. We therefore sketch their proofs. For (c), we have
If f ∈ C 1 , then the same estimates hold with θ replaced by 1. The leafwise version follows straightforwardly.
Observe that since η ε has compact support, R n ∂η ε ∂x i (y) dy = 0, (3.8)
Using this and assuming f ∈ C θ , we obtain (d):
This completes the proof of the proposition. 
Proof of the Main Theorem
We start with an arbitrary C 3 volume preserving codimension one Anosov flow and synchronize it. We obtain a flow {f t } satisfying the Standing Assumptions from §3. The goal is to show that its strong stable and strong unstable foliations are jointly integrable which we will do using Proposition 3.3. Let D be an arbitrary small su-disk. We want to show that ∂D α = 0. To do this, we will derive a suitable estimate of the integral in terms of the circumference and area of D. 
Proof. Since diam(D) < δ, D is contained inÛ , for some coordinate chart U . In U , α can be written as a i dx i , for some functions a i : U → R. These functions inherit properties from α: they are C θ and on W cs -plaques, they are C 1 .
Let a ε i :Û → R be the regularization of a i defined for 0 < ε ≤ ε 0 . Set α ε = a ε i dx i . Then Proposition 3.7 states that for all 0 < ε ≤ ε 0 ,
Furthermore, since α is C 1 along the plaques of W cs in U , we also have
Recall that (∂D) cs is contained in the union of two W cs -plaques. Therefore,
( * )
Note that the inequality holds for all ε ∈ (0, ε 0 ). The trick is to minimize the right hand side with respect to ε. It is elementary to check that the function ε → |∂D|ε + |D|ε θ−1 has an absolute minimum equal to
Observe that ε * lies in (0, ε 0 ), the permissible range of ε. Therefore, we can take ε = ε * in ( * ), which yields (4.1).
Remark. Note that 1 2 < τ < 1, for all θ ∈ (0, 1). We now use the flow invariance (f * t α = α) and Proposition 4.1 to estimate the integral of α over f −t D, where t > 0 is large but fixed for now. To do that, decompose D into k smaller su-disks D i so that Proposition 4.1 can be applied to each f −t D i . We require the D i 's to be of roughly the same size, with |(∂D i ) uu | (in the notation from 3-C) approximately equal to |(∂D) uu | and |(∂D i ) cs | ≈ |(∂D) cs |/k (see Fig. 3 ). More precisely, let D = D 1 + · · · + D k , where:
(a) Each su-disk f −t D i satisfies the assumptions of Proposition 4.1, i.e., the ratio of its area and its circumference is sufficiently small and diam(f −t D i ) < δ. (b) D i and D i+1 intersect only along a uu-arc and |(∂D i ) uu | ≤ c|(∂D) uu |, for all i, where c > 0 is a constant depending on the diameter of D and the size of Jac(h cs p,z ), as z traverses γ, the curve at the base of D. Without loss we can assume D is so small that c ≤ 2.
and (c) can be satisfied for any k by taking care in decomposing D. Let us choose k = k(t) so that (a) holds. Clearly, |∂f −t D| → ∞, and by Proposition 3.6, |f −t D| → 0, as t → ∞, so the ratio |f −t D i |/|∂f −t D i | can be as small as we want for any choice of k.
where δ is the Lebesgue number defined above. Further, decompose D so that for every 1 ≤ i ≤ k, |(∂f −t D i ) cs | differs from |(∂f −t D) cs |/k at most by a constant factor. It suffices to require
It then follows from (4.4) and (4. Therefore,
Note that (⋄) follows from (4.6), (b), and (c). Finally, using (4.4), we obtain the crucial estimate:
By Proposition 3.6(a), e −t |∂f −t D| → 0, so it is enough to show that |∂f −t D| 1−τ |f −t D| τ → 0, as t → ∞. To do so, write
Since 1 − 2τ < 0, |∂f −t D| 1−2τ converges to zero exponentially fast, for every su-disk D. By Proposition 3.6(c), if almost every point of γ is regular, then |∂f −t D| |f −t D| either converges to zero or grows at worst subexponentially, as t → ∞. Therefore, ∂D α = 0 for all "good" su-disks D such that γ ∩ R has full measure in γ.
To complete the proof, we need the following lemma. Since W ss is absolutely continuous, almost every plaque W ss loc meets R in a set of full measure. Assume W ss loc (p) is one such plaque. Then Lemma 4.2 with B = W ss loc (p) and F = W ss loc (p) ∩ R guarantees that almost every two points in W ss loc (p) can be connected by a C 1 path that meets R in a set of full measure. Therefore, for almost all p, q, and x, with q ∈ W uu loc (p) and x ∈ W ss loc (p), the integral of α over any corresponding "good" su-disk equals zero. By (3.6) , this implies that Jac q (h cs p,x ) = 1, for almost all such p, q, and x. Thus, by continuity, Jac q (h cs p,x ) = 1, for all p, q, and x. By Proposition 3.3, W ss and W uu are jointly integrable and the proof is complete.
